The evanescent part of optical radiation from a localized source decays rapidly with distance. We have studied the asymptotic behavior of this radiation by means of the Green's tensor. This tensor can be expressed in terms of four auxiliary functions M i ðq; hÞ, with q the (dimensionless) distance to the source and h the polar angle. We have derived asymptotic approximations for these functions, with Bleistein's method, which hold uniformly for all angles h. Our result generalizes the result of Berry for the evanescent part of the free space scalar Green's function. We have illustrated graphically the accuracy of our approximation. Ó
Introduction
The electromagnetic radiation field which is emitted by an oscillating electric dipole or an atom in free space is usually considered as an outgoing spherical wave, emanating from the location of the source [1] . In many practical applications, such as a radiating atom near a medium, this representation is not the most convenient due to boundary conditions at the planar interface. A solution to this problem is to represent the dipole field as a superposition of plane waves, each of which satisfies Maxwell's equations in free space. In this fashion, the plane waves can be matched across the boundary by means of the Fresnel coefficients, and this provides a representation of the solution of Maxwell's equations [2] [3] [4] [5] [6] . In such an approach, this superposition, referred to as the angular spectrum, consists of (radiative) traveling waves and of exponentially decaying (evanescent) waves. The traveling part of the electric field has been studied most extensively, since the far field, which is amenable to observation by macroscopic detectors, is predominantly determined by the traveling waves. This far field can be obtained from an angular spectrum representation by means of the method of stationary phase [7, 8] , which yields an 15 June 2002 Optics Communications 207 (2002) [7] [8] [9] [10] [11] [12] [13] [14] [15] www.elsevier.com/locate/optcom asymptotic approximation for the field at a large distance from the source.
The evanescent waves, which are generated by the source, decay in the z-direction and propagate in the xy-plane. Since these waves decay rapidly, they only seem to have significance for the optical near field in the vicinity of the source. When the source is located near an interface, the interaction between the source and the medium can be expected to depend strongly on the evanescent waves, and this has indeed been found experimentally [9] [10] [11] . On the other hand, it is known that the evanescent waves can survive in the far zone for observation points that are on the z-axis or in the xy-plane [12] . Since these directions seem to have zero angular measure, it was assumed that this phenomenon was merely a mathematical artifact. Recently, however, it was shown [13, 14] that there is a finite cylindrical region around the zaxis, with a diameter of about a fraction of a wavelength, where the evanescent waves extend into the far zone. Although the angular width of such a cylinder vanishes for large distances, its cross-section does not, and this might indicate that evanescent waves could be observable in the far field. More recently it was shown by Berry [15] that also in the neighborhood of the xy-plane the evanescent waves survive in the far zone over a finite cross-section. In this paper we generalize Berry's approach to derive a uniform asymptotic approximation for the evanescent part of the electric field of a dipole as a function of the distance r to the source and uniform in the polar angle h.
Green's tensor and angular spectrum
The electric field of an electric dipolel lðxÞ at the origin of coordinates is most conveniently expressed in terms of the Green's tensor c $ ðr; xÞ according tô E Eðr; xÞ ¼ k 
The angular frequency x indicates a Fourier time transform and the wave number k 0 equals x=c. Since all spatial dependence of the field is incorporated in the Green's tensor, which is independent of the source, it suffices to consider only this Green's tensor, defined by
We shall assume r 6 ¼ 0 throughout. For extended sources, the electric field can be found from (1) by superposition. When working out the derivatives in (2), terms which fall off as r À3 , r À2 and r À1 appear, and these represent the near, middle and far field, respectively. Each term is proportional to expðik 0 rÞ and therefore corresponds to an outgoing spherical wave.
The angular spectrum representation of c $ ðr; xÞ can be obtained by means of Weyl's representation of the scalar Green's function [16] e ik 0 r r ¼ i 2p
Here, k k is a vector in the xy-plane and the parameter b is defined as b ¼ ðk
is a superposition of plane waves. When k k < k 0 the corresponding plane wave travels in the direction of the wave vector ðk k ; bÞ for z > 0 and ðk k ; ÀbÞ for z < 0 without change of amplitude. When k k > k 0 the wave travels in the xy-plane in the direction of k k , and decays exponentially in the zdirection. In this fashion, the angular spectrum integral (3) separates the scalar Green's function into a traveling and an evanescent part. When substituted into (2), the dyadic Green's function splits similarly. When we bring the derivatives under the integral and work out the resulting expression we find the compact representation
where we have set K ¼ k k þ bsgnðzÞe z for the wave vector of the partial waves.
Evanescent part
The evanescent part of the Green's tensor now follows from (4) by restricting the integration over the k k -plane to the region outside the circle k k ¼ k 0 . When using polar coordinates, the angular integration can be performed easily, leading to Bessel functions J n ðxÞ. For the radial integral we make the change of variables k k ¼ k 0 ð1 þ u 2 Þ 1=2 , and we shall adopt dimensionless coordinates with 1=k 0 as length scale. The distance to the origin (in configuration space) will be indicated by q ¼ k 0 r, and the z-coordinate becomes f ¼ k 0 z. It is also convenient to introduce q as the dimensionless polar coordinate in the xy-plane (distance to the z-axis), e.g.,
Putting everything together then yields the following expression for the evanescent part of the Green's tensor [17] :
Herer r k is the radial unit vector in the xy-plane and sgnðfÞ indicates the sign of f. The coordinate dependence of this tensor appears entirely through a set of four auxiliary functions, which are all of the form Mðq; hÞ ¼
They differ in their f ðuÞ and the order n of the Bessel function, as shown in Table 1 . The q and h dependence enters here through q ¼ q sin h and f ¼ q cos h. These four integrals can be expressed in closed form by means of Lommel functions [18] , but the resulting expressions are cumbersome [17, 19, 20] and not very suitable for the study of the behavior of the tensor for large q.
Asymptotic approximation
In this section we derive an asymptotic approximation for integrals of the general type (6), for q large, h arbitrary. The q-dependence appears in the exponential through f ¼ q cos h and in the argument of the Bessel function as q ¼ q sin h. For q large we then also have q large, provided we exclude the z-axis, h ¼ 0 or p. As the first step we use the asymptotic approximation of the Bessel functions for large argument:
Then (6) can be approximated accordingly:
Re e Àðip=4Þð2nþ1Þ mðq; hÞ
where we have set mðq; hÞ ¼
with
We therefore need an asymptotic approximation for integrals of the type (9) . In this form, the large parameter q only appears in the exponent and only as an overall factor, which is a great simplification. The critical points of the integral (9) are the lower limit u ¼ 0, and a possible saddle point of the function wðuÞ in the complex u-plane. For a saddle point we have w 0 ðuÞ ¼ 0, and it is easily verified from (10) that this saddle point is located at u 0 ¼ Àij cos hj for a given h. Although the integration contour does not pass through the saddle point, for h ! p=2 the saddle point approaches the Table 1 Function f ðuÞ, order n and parameters for the four integrals 
integration endpoint u ¼ 0 from the negative imaginary axis. It can then be anticipated that this saddle point gives a contribution which can be comparable to the contribution from the endpoint. For situations like this, an asymptotic approximation can be obtained with Bleistein's method [21] [22] [23] , and this was applied recently by Berry [15] to find a uniform asymptotic approximation in h for the scalar Green's function (our M a ðq; hÞ), which smoothly varies in the neighborhood of h ¼ p=2. In Bleistein's method, a change of variables u ! t is made, and in such a way that the exponent wðuÞ is mapped onto a quadratic form. The appropriate transformation here is
In this way, the new saddle point appears at t ¼ Àa. The contour of integration C in the complex t-plane starts at the origin, lies in the fourth quadrant and approaches a line under at most 45°w ith the positive real axis, as shown in Fig. 1 . Next we make a linear approximation of the integrand, excluding the exponential factor. We set
with u ¼ uðtÞ, and the constants a 0 and a 1 are chosen such that this approximation is exact in the critical points t ¼ 0 and t ¼ Àa. From the transformation (11) we see that
and since t ¼ 0 corresponds to u ¼ 0 we find from (13) with t ¼ 0:
For t ¼ Àa, the right-hand side of (14) has to be evaluated with a limit procedure. This gives ðdz=dtÞ t¼Àa ¼ ffi ffi i p sin h, and then with (13) we find
where we have set
The values of f ð0Þ and f ðu 0 Þ for the various integrals are listed in Table 1 .
With the approximation (13) the integral (9) becomes in the t-plane
The integrand is analytic and with Cauchy's theorem the contour can be brought back to the real axis. The remaining integral can then be expressed in terms of the complementary error function. The asymptotic approximation for mðq; hÞ is then found to be, after some rearrangements,
and with (8) we find for Mðq; hÞ
ð20Þ Fig. 1 . Illustration of the contour of integration C for the integral (18) in the complex t-plane. The curve approaches the straight line through the saddle point P, and this line slopes down under an angle of h=2 (for h < p=2; otherwise the angle is ðp À hÞ=2). The parametrization of C follows from solving transformation (11) for tðuÞ.
With the values of f ð0Þ and f ðu 0 Þ from Table 1 , this determines the asymptotic approximation of the four auxiliary functions in the Green's tensor,
Furthermore, in this limit we have q ¼ q, and erfcð0Þ ¼ 1, and we can use that f ð0Þ and f 0 ð0Þ are real. The result (20) then reduces to
This shows that in the xy-plane the leading term will in general be Oðq À1 Þ, which is a far field contribution. Only if f ð0Þ ¼ 0, the leading term becomes Oðq À3=2 Þ, which falls off faster than the far field.
Uniform asymptotic approximation
For h 6 ¼ p=2 and q large, we have erfc½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi iðq À qÞ p ¼ erfc½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi iqð1 À sin hÞ p ! 0, and only the first term on the right-hand side of (20) survives. This term is Oðq À3=2 Þ, provided not both f ð0Þ and f ðu 0 Þ vanish. If h approaches 0 or p, approximation (20) becomes invalid, since in this limit we have q ! 0 whereas we used explicitly that q is large. On the other hand, for q large, both sides of (7), with x ¼ q, are asymptotically equivalent. On the right-hand side of (20) , the term which is proportional to f ð0Þ contains exactly the approximation of J n ðqÞ, so as long as q is large we can replace this part again with J n ðqÞ. 
We now claim that in this form the asymptotic approximation is uniform for all h. To show this, we go back to (6) and integrate by parts. This yields Mðq; hÞ ¼ f ð0Þ jfj J n ðqÞ þ 1 jfj
as an exact integral. Repeated integration by parts then gives an asymptotic series in 1=jfj, which holds for jfj large, but q arbitrary. We see that the first term on the right-hand side of (24) is the first term in this asymptotic series. On the other hand, with the asymptotic series for the complementary error function [24] we have
needed for z ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi iðq À qÞ p . For q large, this becomes Oðq À3=2 Þ, and the additional 1=q makes the second term on the right-hand side of (24) order q À5=2 . Since the first term is Oðq À3=2 Þ, the second term can be neglected for jfj large. This shows that (24) and (25) are asymptotically equivalent for jfj large. Since (24) was already shown to be correct for q large, this proves that it holds for q large, any h, making this a true uniform asymptotic approximation. It should be noted though that the case h ! p=2 still has to be considered as a limit, with the result given by (22) 
The overall factor of j cos hj is included to keep this function finite for h ! p=2. We can rewrite (28) as
from which we find for h ! p=2:
which is asymptotically equal to J 0 ðqÞ. It then follows immediately that near h ¼ p=2 this function is of order q À1=2 . On the other hand, from (28) and (26) we see that nðq; hÞ ¼ Oðq À3=2 Þ for h 6 ¼ p=2. Function nðq; hÞ is shown in Fig. 2 as a function of h, for various values of q.
With (24) and the parameters in Table 1 
This shows that near the xy-plane M a and M b are Oðq À1 Þ, e.g., they contribute to the far field, whereas M c decays as Oðq À3=2 Þ and M d decays even faster. It is interesting to note that in the xy-plane the exact values are known for all q [13, 17] . It appears that the expressions above for M a and M c are exact for all q, and the other two have an unresolved part of Oðq À2 Þ. For h 6 ¼ p=2, we have nðq; hÞ ¼ Oðq À3=2 Þ, and each term in (31)-(34) containing nðq; hÞ is Oðq À5=2 Þ. Since the uniform asymptotic approximation is only accurate up to Oðq À3=2 Þ, these terms should be neglected. We then find 
Since the Bessel functions are Oðq À1=2 Þ for q large, we see that M a and M b are Oðq À3=2 Þ whereas the other two functions vanish. This typical Oðq À3=2 Þ dependence has been found before [14] . For large q we also have J 2 ðqÞ % ÀJ 0 ðqÞ, as follows from (7), and therefore we have M b ðq; hÞ % M a ðq; hÞ. From the point of view of the Green's tensor, near the xy-plane it has a far field part, Oðq À1 Þ, and this goes over smoothly into the Oðq À3=2 Þ dependence away from the xy-plane. Apparently, there is a layer near the xy-plane where the evanescent waves survive in the far field. This region is determined by the function nðq; hÞ. This function is Oðq À1=2 Þ whenever the erfcðzÞ has not yet reached its asymptotic value given by (26), and this is for
, the thickness of the layer in the z-direction is about jfj % ffiffiffi q p , for a given q. It is interesting to notice that the layer thickness becomes larger for greater distances from the source. The angular width Dh, however, is Dh % jfj=q and this is Dh % 1= ffiffiffi q p . Consequently, the angular width vanishes for q large, even though the corresponding layer thickness grows indefinitely with ffiffiffi q p .
The typical Oðq À3=2 Þ behavior from the previous paragraph is based on the assumption of q large, which is equivalent to h 6 ¼ 0 or p. When h ! 0 or p, e.g., when the field point becomes close to the zaxis, the character of the Bessel functions changes. We then have J 0 ðqÞ % 1 and J 2 ðqÞ % 0. Then (39) becomes
and the other three vanish entirely. Also for the zaxis, the Mðq; hÞ integrals can be evaluated in closed form, and it appears that (42) holds exactly. It can also be shown that M a ¼ M b ¼ 0, so this asymptotic result is also exact. Only the exact value for M d has an Oðq À3 Þ contribution on the zaxis, which is not resolved properly with the asymptotic approximation. We notice that also on the z-axis the leading contribution is of the far field type, whereas a distance away from the z-axis the q dependence is Oðq À3=2 Þ. The transition here is determined by the value of q where the asymptotic behavior of J 0 ðqÞ and J 2 ðqÞ sets in. This occurs at q % 1, so at a radial distance of about a wavelength from the z-axis. Therefore, the far-field behavior of the evanescent waves is dominant in a cylindrical region around the z-axis. Again, the corresponding angular width vanishes asymptotically, but the cross-section of the cylinder remains finite for all jfj, and the radius of this cylinder is of the order of about a wavelength. Fig. 3 shows the exact M a ðq; hÞ and its asymptotic approximation (31) as a function of h for q ¼ 2p. Here the distance to the source is only one wavelength, and the approximation already seems excellent, except close to p=2. The limiting value (35) for h ! p=2 is actually exact for all q, and therefore one would expect that the agreement near p=2 would be better. However, (35) follows from (31) under the assumption that q is large, and apparently q ¼ 2p is too small for (35) to set in. Fig. 4 shows that the approximation near p=2 improves rapidly with increasing q. A result for M b ðq; hÞ is shown in Fig. 5 , and it appears that the approximation near h ¼ p=2 is less accurate than the corresponding approximation for M a ðq; hÞ from Fig. 4 (both are shown for q ¼ 10p). As the Fig. 3 . Curve (a) shows the exact M a ðq; hÞ for q ¼ 2p and curve (b) is the asymptotic approximation from (31). The deviation near h ¼ p=2 is a result of the fact that q is not yet large enough for the asymptotic approximation to be accurate for this angle.
value of q increases, the approximation for M b ðq; hÞ improves correspondingly. The approximation for M c ðq; hÞ is Oðq À3=2 Þ near the xy-plane but Oðq À5=2 Þ away from the xy-plane, as follows from (33). Since the asymptotic approximation is constructed to be accurate up to order q À3=2 , but not further, the approximation for M c ðq; hÞ can only be expected to be accurate near p=2, but not for smaller angles. Fig. 6 shows that this is indeed the case. It is interesting to notice that here we do not see the slight deviation near p=2 due to the finite value of q, as in Figs. 3 
Conclusions
Electromagnetic radiation emitted by a localized source is a superposition of traveling and evanescent waves, when represented by an angular spectrum. We have studied the asymptotic behavior, for large distances from the source, of the evanescent component by means of the Green's tensor. An asymptotic approximation was derived, which holds uniformly for all observation (or emission) angles. Our result generalizes earlier expressions for the scalar Green's function, which only held for large z-coordinates or only far away from the z-axis. The asymptotic approximations of the four auxiliary functions M a ðq; hÞ, M b ðq; hÞ, M c ðq; hÞ and M d ðq; hÞ that occur in the Green's tensor could all be expressed in terms of a single, universal function nðq; hÞ and low-order Bessel functions, as shown in (31)-(34). By considering the q-dependence of these functions, we have identified the contribution of each to the far field. It appeared that only M a and M b contribute to the far, Oðq À1 Þ, field, and only near the z-axis and near the xy-plane. Functions M a ðq; hÞ, M b ðq; hÞ and M c ðq; hÞ contribute all to the more typical Oðq À3=2 Þ behavior of evanescent radiation. It appeared that function M d ðq; hÞ is asymptotically negligible for all angles. We have illustrated numerically that already for a few wavelengths away from the source our asymptotic approximation is accurate within graphing resolution.
